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Abstract We examine the theta-expansion of the eleven-dimensional supervielbein. We outline
a systematic procedure which can be iterated to any order. We give explicit expressions for the
vielbein and three-form potential components up to order O(θ5). Furthermore we show that at
each order in the number of supergravity fields, in a perturbative expansion around flat space,
it is possible to obtain exact expressions to all orders in theta. We give the explicit expression
at linear order in the number of fields and we show how the procedure can be iterated to any
desired order. As a byproduct we obtain the complete linear coupling of the supermembrane to
the background supergravity fields, covariantly in component form. We discuss the implications
of our results for M(atrix) theory.
1 Introduction
It has been hoped that the quantization of the world-volume theory of the eleven-dimensional
supermembrane [1, 2], in analogy to the quantization of the superstring, would furnish a micro-
scopic description of M-theory. However, a head-on approach to this problem has been stalled
by certain features of the membrane which make it much less tractable than the superstring:
the presence of nonlinearities and the absence of conformal invariance.
On the other hand, it has been known for some time that supersymmetric matrix quantum
mechanics (henceforth: matrix model) emerges as the finite-N regularization of the world-volume
theory of the supermembrane in flat eleven-dimensional spacetime in the light-cone frame [3].
Excitement at the prospect of being able to describe the supermembrane by such a simple theory
as ordinary quantum mechanics was temporarily halted by the realization that the spectrum of
the theory was continuous [4]. The latter fact was initially thought to signal the instability of
the membrane.
More recently, however, the large-N limit of the matrix model was conjectured to give the
complete description of M-theory in uncompactified flat space in the “infinite momentum frame”
[5], and the issue of the continuous spectrum was resolved by recognizing that the Hilbert space
of the theory contains multi-particle states. The original BFSS conjecture1 was later extended
to finite N [6]. According to this, finite-N supersymmetric quantum mechanics describes the
discretized light-cone quantization of M-theory with N units of compact momentum. It was
subsequently argued that the finite-N conjecture follows from the BFSS [7, 8].
The argument of [7, 8] is still valid in the case of toroidal compactifications of M-theory. An
extension of the conjecture to include general curved backgrounds is much less clear however, and
several complicating issues arise [9, 10]. The original BFSS conjecture was recently generalized
in [11] to include M-theory on the maximally-supersymmetric eleven-dimensional plane wave
background. In [12] the linear couplings of the matrix model to general background supergravity
fields were derived within the context of matrix theory, up to quadratic order in the fermionic
membrane coordinates (θ).
The same problem was approached from the point of view of the supermembrane in [13], gen-
eralizing the work of [14] for the superparticle. The authors of [13] constructed the light-cone
gauge-fixed membrane vertex operators describing the interactions of massless supermultiplets
in the linearized approximation. These vertex operators are nothing but the linear couplings of
the membrane to a general supergravity background. Contact with the matrix model was made
by subsequently performing a finite-N regularization. A covariant computation to all orders in θ
was deemed unfeasible and was not attempted. In fact no covariant vertex operators had been
constructed, even for the superstring or the superparticle, until recently within Berkovits’ pure-
spinor approach [15, 16]. The vertex operators can be used to compute (or rather: to define)
membrane scattering amplitudes [17, 18]. They are therefore interesting in their own right, in
the hope that they may prove useful in probing the dynamics of M-theory.
1Somewhat confusing is the fact that the BFSS succeeded the so-called “old matrix model”, but the latter has
recently succeeded in re-emerging as the new new one; as a result the BFSS is now the new old matrix model.
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The (component form of the) world-volume theory of the supermembrane in a general supergrav-
ity background is also an essential input in membrane-instanton computations [19, 20, 21, 22, 23].
Such nonperturbative effects have recently attracted a lot of attention in the context of cosmolog-
ical models with moving branes. (The literature on the subject is already vast: see for example
[24, 25, 26] and papers citing those).
In principle, all information about the coupling of the eleven-dimensional supermembrane to the
background supergravity fields is contained in the action of [1, 2]. The latter, however, is given
in superspace coordinates, in terms of the background supervielbein. Extracting information in
component form from the supermembrane action boils down to the problem of obtaining the θ-
expansion of the supervielbein. For a general superspace geometry, this problem has so far only
been tackled iteratively. Clearly, iterating all the way up to θ32 (when the series terminates) is
exceedingly tedious. All-order results are only known in special cases, namely for flat space and
for the coset superspaces AdS4×S7, AdS7×S4 [27, 28, 29, 30] (for a related type IIB discussion
of AdS5 × S5 see [31]).
Partial results regarding terms to order θ2 in the expansion of the eleven-dimensional superviel-
bein have appeared in the literature in [32]. The authors of [32] used a method called “gauge
completion” which, as far as elegance is concerned, leaves a lot to be desired. The authors of [33]
computed explicitly up to O(θ3) for a general background (and up to O(θ4) for a bosonic back-
ground) using the method of normal coordinates [34]. The latter is also known as the “covariant
θ-expansion” –the terminology referring to the fact that the gauge fields (graviton, gravitino)
enter through the supervielbein and superconnection, and their derivatives enter through co-
variant field-strengths. The method of normal coordinates takes advantage of the superspace
formulation [35, 36] of eleven-dimensional supergravity [37] and, as opposed to gauge completion,
is unambiguous and systematic.
In this paper we use normal coordinates (we take the point of view that it is the most natural
generalization of the Wess-Zumino gauge) to derive recursion relations between different levels of
the θ-expansion. All results are eventually expressed in component form. We obtain the explicit
expansion of the supervielbein to order O(θ5) and we find agreement with the existing literature
referred to in the previous paragraph. More significantly, however, our way of presenting the
recursion relations makes possible the following important observation: at each order in the
number of fields, in a perturbative expansion around flat space, it is possible to obtain exact
expressions to all orders in θ. We derive the explicit expressions at linear order in the number
of fields, in section 6.1. We also explain how the procedure can be iterated to higher orders.
Let us sketch the basic idea of our method. Our particular gauge-fixing choice leads to the
equations 2
θµ(Eµ
A − δµA) = 0
θµΩµA
B = 0
and
θµ∂µ = θ
µδαµ∇α .
2We employ standard superspace notation. Further details can be found in the following sections.
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The above allow us to systematically translate the order of the θ-expansion to the number of
spinor derivatives, where the action of the latter on the various superfields is known. We note
that knowledge of the θ-expansion of the superfield Tab
α, the covariant gravitino field-strength,
suffices to obtain the θ-expansion of all other superfields, the vielbein in particular. On the
other hand, in an expansion around flat space, the n-th level (T
(n)
ab
α) of the θ-expansion of the
gravitino field-strength can be written schematically as
T (n) ∼ O
n
2
n!
∂Ψ+ U (n), n = 2k ,
T (n) ∼ O
n−1
2
n!
(θR+ θ∂G) + U (n), n = 2k + 1 ,
where U (n) is a known expression nonlinear in the fields and O is a (matrix) differential operator
quadratic in θ; schematically, O ∼ (θΓθ)∂. We have denoted by Ψ, R, G, the gravitino, Riemann
tensor and four-form field strength of eleven-dimensional supergravity, respectively. Since U (n)
is nonlinear, the equations above can be iterated to any order in the number of fields. In other
words: perturbatively in the number of fields we can obtain expressions which are exact to all
orders in θ.
In the following section we review the superspace formulation of eleven-dimensional supergravity.
In section 3 we describe the gauge-fixing procedure. In section 4 we obtain recursion relations
which are then iterated in section 5 to obtain the explicit expansion of the vielbein and three-
form potential to order O(θ5). The expansion in the number of fields is described in section
6. The linear coupling of the covariant supermembrane to the background fields, is given in
section 7. Section 8 contains a discussion of future directions and possible applications of our
results. Since this is a somewhat technical paper, for quick reference we have included an
index of various definitions used, in appendix A. In appendix B we have included a note on our
conventions concerning gamma matrices and spinor notation. Appendix C contains the vielbein
and three-form potential expansions for the simplified case of a purely geometric background.
2 On-shell 11D supergravity in superspace
This section is a summary of known results that can be found in or deduced from the literature.
We have included it in order to establish notation and conventions, and to make the paper
self-contained.
Eleven-dimensional supergravity [37] admits a superspace formulation [35, 36]. Let A = (a, α);
a = 0 . . . 10, α = 1 . . . 32, be a flat superspace index and let EA = (Ea, Eα) be the coframes of the
(11|32) supermanifold. Moreover, let us introduce a connection one-form ΩAB with Lorentzian
structure group. The supertorsion and supercurvature are given by
TA = DEA := dEA + EBΩB
A =
1
2
ECEBTBC
A
RA
B = dΩA
B +ΩA
CΩC
B =
1
2
EDECRCD,A
B (1)
3
and obey the Bianchi identities
DTA = EBRB
A
DRB
A = 0 . (2)
Note that for a Lorentzian structure group the second Bianchi identity follows from the first
[38]. In a purely geometrical definition in terms of the supertorsion, it was shown in [39] that
the equations of motion of 11D supergravity follow from the constraint
Tαβ
a = −i(Γa)αβ . (3)
In this formulation the physical fields of the theory, the graviton, the gravitino and the three-
form potential, appear through their covariant field strengths. Namely, the curvature Rab,c
d
is identified with the top component of the supercurvature, the gravitino field-strength Tab
α
is identified with the dimension three-halves component of the supertorsion, while the four-
form field strength Gabcd appears in the dimension-one components of the supertorsion and
supercurvature.
More explicitly, the remaining nonzero components of the supertorsion and supercurvature of
undeformed 11D supergravity are given by
Taβ
γ = (Tabcde)βγGbcde (4)
and
Rαβ,ab = i(Rabcdef )αβGcdef
Rαb,cd = i(Sbcdef )αβTef β, (5)
where
Tabcde := − 1
36
(
δ[ba Γ
cde] +
1
8
Γa
bcde
)
Rabcdef := 1
6
(
δ[ca δ
d
bΓ
ef ] +
1
24
Γab
cdef
)
Sbcdef := 1
2
(
Γbδ
[e
c δ
f ]
d + Γcδ
[e
b δ
f ]
d − Γdδ[eb δf ]c
)
. (6)
Note that the Lorentz condition implies
RABα
β =
1
4
RABcd(Γ
cd)α
β . (7)
The action of the spinorial derivative on the physical field strengths is given by
∇αGabcd = 6i(Γ[abTcd])α
∇αTabβ = 1
4
Rab,cd(Γ
cd)α
β − 2∇[aTb]αβ − 2T[a|αǫT|b]ǫβ
∇αRab,cd = 2∇[a|Rα|b]cd − TabǫRǫαcd + 2T[a|αǫRǫ|b]cd . (8)
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The equations-of-motion that follow from (8) read
∇[aGbcde] = 0
∇fGfabc = − 1
2(4!)2
εabcd1...d8G
d1...d4Gd5...d8
(ΓaTab)α = 0
Rab − 1
2
ηabR = − 1
12
(
GadfgGb
dfg − 1
8
ηabGdfgeG
dfge
)
. (9)
The equations above imply the existence of a closed superfour-form G which can be written
locally in terms of a superpotential C,
G = dC. (10)
The only nonvanishing components of G are
Gabcd, Gαβab = −i(Γab)αβ. (11)
In order to derive the equations of motion in component form, a little more work is required.
Equations (10,11) together with
GMNPQ = (−)m(c+n+b+p+a+q)(−)n(b+p+a+q)(−)p(a+q)EQAEPBENCEMDGDCBA (12)
imply
em
aen
bep
ceq
dG
(0)
abcd = 4∂[mC
(0)
npq] − 6i(Ψ[mΓnpΨq]) , (13)
where for any superfield S,
S(0) := S|θ=0 (14)
and we define
em
a := E
(0)
m
a
Ψm
α := E
(0)
m
α
ωmA
B := Ω
(0)
mA
B . (15)
It follows from definition (1) that
T
(0)
mnk = 2(∂[men]
aeak + ω[mn]k), (16)
where we have defined
T
(0)
mnk := T
(0)
mn
aeak
ωmnk := ωma
ben
aebk. (17)
On the other hand,
TMN
A = (−)m(n+c)ENCEMBTBCA (18)
together with (3) implies
T (0)mn
a = i(ΨmΓ
aΨn), (19)
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where we have suppressed spinor indices for simplicity. Combining (16,19) we arrive at
ωnkm =
0
ωnkm +Knkm, (20)
where
0
ωnkm := ∂[kem]
aean − ∂[men]aeak − ∂[nek]aeam
Knkm :=
i
2
(ΨmΓkΨn +ΨnΓmΨk −ΨkΓnΨm) (21)
and
Γm := em
aΓa. (22)
Note that the contorsion tensor K satisfies
K[mn]p =
1
2
T (0)mnp. (23)
With
0
ω we can associate a covariant derivative
0
D which obeys
0
Dn ema := ∂nema−
0
Γ
k
nmek
a+
0
ωnb
aem
b = 0, (24)
where
0
Γ is the Levi-Civita connection. Similarly, with ω we can associate a covariant derivative
D which obeys
Dnema := ∂nema − Γknmeka + ωnbaemb = 0, (25)
where
Γpmn =
0
Γ pmn +Kmn
p. (26)
Proceeding as above, one can show that
em
aen
b T
(0)
ab
α = ∂mΨn
α + ωmβ
αΨn
β + (ΨmTnabcd)αG(0)abcd − (m↔ n) , (27)
where
Tnabcd := enfTfabcd. (28)
Finally, (1,19) together with
RMNA
B = (−)m(n+d)ENDEMCRCDAB (29)
imply that
em
aen
bek
cel
dR
(0)
abcd = R(ω)mnkl + i(ΨmRklabcdΨn)G(0)abcd − 2i(Ψ[mSn]klabT (0)ab ) , (30)
where
Rklcdfg := ekaelbRabcdfg
Snklcd := enfekaelbSfabcd. (31)
We arrive at the equations of motion in component form by taking (9) at θ = 0 and substituting
(13,27,30).
6
3 Gauge-fixing
The supervielbein contains an enormous amount of gauge freedom which can be fixed by using
higher θ-levels of supersymmetry and Lorentz transformations. In this section we impose the
most natural generalization, to all levels of the θ-expansion, of the Wess-Zumino gauge. This
leads to the system of normal coordinates introduced in [34] as a superspace generalization
of the ordinary normal-coordinate expansion on Riemannian manifolds. As we will see below,
significant simplifications occur when superspace quantities are expressed in these coordinates.
Let us first introduce some notation. For any superfield S{A} we define the coefficients in the
θ-expansion as follows:
S{A} =
32∑
n=0
S
(n)
{A}, (32)
where
S
(n)
{A} :=
1
n!
θµn . . . θµ1S
(n)
µ1...µn,{A}
(33)
and {A} stands for all Lorentz indices. In particular, the θ-expansions of the vielbein and
superconnection read
EM
A =
32∑
n=0
E
(n)
M
A
=
32∑
n=0
1
n!
θµn . . . θµ1E
(n)
µ1...µn,M
A (34)
and
ΩMA
B =
32∑
n=0
Ω
(n)
MA
B
=
32∑
n=0
1
n!
θµn . . . θµ1Ω
(n)
µ1...µn,MA
B , (35)
respectively. Under supersymmetry and Lorentz tranformations with parameters ξA and LA
B
respectively, the vielbein and superconnection transform as [40]
δEM
A = −∇MξA − ξBTBMA + EMBLBA (36)
and
δΩMA
B = −ξCRMCAB +ΩMACLCB − ΩMCBLAC − ∂MLAB, (37)
where
∇MξA := ∂MξA +ΩMBAξB . (38)
As can be seen from (36), we can use ξ
(1)
µ,
A to set
E(0)µ
a = 0
E(0)µ
α = δαµ . (39)
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More generally, we can use ξ
(n+1)
µ1...µn+1,
A to set to zero the totally antisymmetric parts
E
(n)
[µ1...µn,µ]
A = 0, 1 ≤ n ≤ 32. (40)
Similarly, from (37) we see that we can use L
(1)
µ,A
B to set
Ω
(0)
µA
B = 0. (41)
The higher θ-levels of the Lorentz transformation, L
(n+1)
µ1...µn+1,A
B , can be used to set
Ω
(n)
[µ1...µn,µ]A
B = 0, 1 ≤ n ≤ 32. (42)
The gauge-fixing conditions (39-42) imply
θµEµ
a = 0
θµEµ
α = θα (43)
and
θµΩµA
B = 0, (44)
where we have defined
θα := θµδαµ . (45)
Expressions (43),(44) are identical to (A3),(A4) of [34].
The inverse EA
M of the vielbein satisfies
EA
MEM
B = δBA . (46)
At zeroth-order in the θ-expansion we have
E(0)α
m = 0
E(0)α
µ = δµα
E(0)a
µ = −Ψaµ := −eamΨmαδµα
E(0)a
m = ea
m. (47)
At order n ≥ 1 we get
E
(n)
A
m = −
n−1∑
r=0
E
(r)
A
ME
(n−r)
M
aea
m
E
(n)
A
µ =
n−1∑
r=0
(
−E(r)AME(n−r)Mαδµα + E(r)AME(n−r)MaΨaµ
)
. (48)
Using (47,48,43) it is straightforward to prove by induction that
θαEα
m = 0
θαEα
µ = θµ. (49)
8
Moreover, from (49,44) it follows that
θαΩαA
B = 0. (50)
We also have that for any superfield S (suppressing any Lorentz indices)
θα∇αS = θαEαM (∂M +ΩM )S
= θµ∂µS (51)
and therefore
S(n) =
(n− r)!
n!
θαr . . . θα1 (∇α1 . . .∇αrS)(n−r) . (52)
Equation (51) is the same as equation (1) of [34].
4 Recursion
4.1 Gabcd,Tab
α and Rabcd
Using the results in the previous sections we can now obtain recursion relations that relate
different levels in the θ-expansions of the various superfields. First let us first derive the recursion
relations for G,T,R. These are readily obtained from (52),(8):
G
(n)
abcd =
6i
n
(θΓ[abT
(n−1)
cd]
)
T
(n)
ab
α =
1
4n
(θΓcd)αR
(n−1)
abcd +
2
n
(θT[acdef )α(∇b]Gcdef )(n−1)
− 2
n
(θT[acdefTb]c
′d′e′f ′)α(GcdefGc′d′e′f ′)
(n−1)
R
(n)
abcd = −
2i
n
(θS[a|cdef )α(∇|b]Tef α)(n−1) −
i
n
(θRcdefgh)α(TabαGefgh)(n−1)
+
2i
n
(θT[aefghSb]cde
′f ′)α(Te′f ′
αGefgh)
(n−1) . (53)
For later use let us also note that
T
(n)
ab
α =
i
n(n− 1){(M[a|
ef )αβ(∇|b]Tef β)(n−2) + (Nabc1...c6)αβ(Gc1...c4Tc5c6β)(n−2)}, (54)
where
(Maef )αβ := −1
2
(θΓbc)α(θSabcef )β + 12(θTabcef )α(θΓbc)β
(Nabc1...c6)αβ := −1
4
(θΓef )α(θRef c1...c4)βδc5[a δc6b] +
1
2
(θΓef)α(θT[ac1...c4Sb]ef c5c6)β
+ 8(θT[aec1c2c3)α(θSb]ec4c5c6)β + 12(θT[aefc5c6)α(θTb]c1...c4Γef )β
− 12(θT[aefc5c6Tb]c1...c4)α(θΓef )β − 12(θT[ac1...c4Tb]efc5c6)α(θΓef)β . (55)
This formula is most easily derived as follows: act with∇[α1∇a2] on Tabα, taking (8) into account;
substitute the result in (52) for S → Tabα, r→ 2.
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4.2 ΩM , EM
A and EA
M
We now turn to the derivation of recursion relations for the components of the connection and
the vielbein. The first line of definition (1) implies
2∂(µEν)
a = Tµν
a − 2Ω(µ|eaE|ν)e. (56)
Multiplying both sides by θµ, taking (43,44) into account, gives
E(n+1)µ
a =
1
n+ 2
θνTνµ
a, n ≥ 0 . (57)
Moreover, using (3), (18) we arrive at
E(n+1)µ
a = − i
n+ 2
E(n)µ
α(Γaθ)α, n ≥ 0 . (58)
Similarly, we can show that
E(n+1)m
a = − i
n+ 1
E(n)m
α(Γaθ)α, n ≥ 0 . (59)
The second line of definition (1) implies
2∂(µΩν)a
b = Rµνa
b + 2Ω(µ|a
cΩ|ν)c
b. (60)
Multiplying both sides by θµ gives
Ω
(n+1)
µab =
1
n+ 2
θνR
(n)
νµab
=
i
n+ 2
n∑
r=0
{E(r)µα(Rabcdefθ)αG(n−r)cdef
+ E(r)µ
e(θSeabcdT (n−r)cd )}, n ≥ 0 . (61)
The first equality is shown by taking (44) into account. The second one is a consequence of
(29,43,5). Furthermore, using the recursion relations (53),(58) yields
Ω
(n+1)
µab =
i
n+ 2
E(n)µ
α(θRabcdef )αG(0)cdef
+
1
n+ 2
n−1∑
r=0
E(r)µ
α
( 1
n− rC1ab
ef +
1
r + 2
C2ab
ef
)
αβ
T
(n−r−1)
ef
β, n ≥ 0 , (62)
where
(C1ab
ef )αβ := −6(θRabcdef )α(θΓcd)β
(C2ab
ef )αβ := (θΓ
g)α(θSgabef )β . (63)
Note that θµΩµ = 0, as it should. This follows from (43) and the symmetry of R.
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Similarly one can show that
Ω
(n+1)
mab =
i
n+ 1
(θSmabefT (n)ef ) +
i
n+ 1
E(n)m
α(θRabcdef )αG(0)cdef
+
1
n+ 1
n−1∑
r=0
E(r)m
α
( 1
n− rC1ab
ef +
1
r + 1
C2ab
ef
)
αβ
T
(n−r−1)
ef
β, n ≥ 0 . (64)
We are now ready to obtain recursion relations for the remaining components of the vielbein.
The first line of definition (1) implies
2∂(µEν)
α = Tµν
α − 2Ω(µ|βαEν)β. (65)
Multiplying both sides by θµ, taking (43,44) into account, gives
E(n+1)µ
α =
1
n+ 2
(
θνT (n)νµ
α − θβΩ(n)µβα
)
=
1
n+ 2
θβ
(
n∑
r=0
E(r)ν
aT
(n−r)
aβ
α − Ω(n)µβα
)
, n ≥ 0 . (66)
The second equality follows from (18). For n = 0 in particular we have
E(1)µ
α = 0 , (67)
as can be seen from (39),(41). For n ≥ 1, we can further reduce (66) by using (62),(58),(4)
E(n+1)µ
α =
i
(n + 1)(n + 2)
E(n−1)µ
β(Dcdef1 )β
αG
(0)
cdef
+
1
(n+ 1)(n + 2)
n−2∑
r=0
E(r)µ
β
( 1
n− r − 1F
ef
1 +
1
r + 2
F
ef
2
+
n+ 1
(n− r − 1)(r + 2)F
ef
3
)α
βγT
(n−r−2)
ef
γ , n ≥ 1 ,
(68)
where
(Dcdef1 )β
α :=
1
4
(θRabcdef )β(θΓab)α + (θΓa)β(θTacdef )α
(F ef1 )
α
βγ :=
3
2
(θΓab)α(θRabcdef )β(θΓcd)γ
(F ef2 )
α
βγ := −1
4
(θΓab)α(θΓg)β(θSgabef )γ
(F ef3 )
α
βγ := 6(θTabcef )α(θΓa)β(θΓbc)γ . (69)
Note that for n > 0 it follows that θµE
(n)
µ
α = 0, as it should.
We proceed similarly to arrive at the following recursion relations:
E(1)m
α =
1
4
(θΓab)αωmab − (θTmcdef )αG(0)cdef (70)
and
11
E(n+1)m
α =
i
n(n+ 1)
E(n−1)m
β(Dcdef1 )β
αG
(0)
cdef +
i
n(n+ 1)
T
(n−1)
ef
β(D2m
ef )β
α
+
1
n(n+ 1)
n−2∑
r=0
E(r)m
β
( 1
n− r − 1F
ef
1 +
1
r + 1
F
ef
2
+
n
(n− r − 1)(r + 1)F
ef
3
)α
βγT
(n−r−2)
ef
γ , n ≥ 1 ,
(71)
where
(D2a
bc)β
α := −1
4
(θSaef bc)β(θΓef)α + 6(θΓef )β(θTabcef )α . (72)
Finally, note that if EM
A is known to order θn and EA
M is known to order θn−1, then equations
(48) can be used to derive EA
M to order θn.
4.3 CMNP
Let us turn to the recursion relations for the components of the three-form superpotential. The
results of this section will be relevant to the derivation of the membrane action in section 7.
By definition, the C-field satisfies
4∂[MCNPQ} = GMNPQ. (73)
Up to a gauge choice, the following is a solution of (73) at each order in the θ expansion
C(0)µνσ = C
(0)
µνs = C
(0)
σmn = 0 ,
4∂[mC
(0)
npq] = G
(0)
mnpq (74)
and
C(n+1)µνσ =
1
n+ 4
θλG
(n)
λµνσ
C(n+1)µνs =
1
n+ 3
θλG
(n)
λµνs
C(n+1)σmn =
1
n+ 2
θλG
(n)
λσmn
C(n+1)mnp =
1
n+ 1
θλG
(n)
λmnp , n ≥ 0 . (75)
Together with (12), equations (74), (75) are enough to determine the θ expansion of the C-field.
The right-hand sides of the formulae above can be further reduced by taking (12),(11),(43) into
account. Explicitly we find
θλGλµνσ = −3iE(µaEνbEσ)δ(Γabθ)δ
θλGλµνs = −iEµaEνbEsγ(Γabθ)γ − 2iEsaE(µbEν)γ(Γabθ)γ
θλGλσmn = −iEmaEnbEσδ(Γabθ)δ − 2iEσaE[mbEn]γ(Γabθ)γ
θλGλmnp = −3iE[maEnbEp]γ(Γabθ)γ . (76)
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4.4 Maximally-supersymmetric superspaces
The recursion relations of the previous section can be solved iteratively, order-by-order in an
expansion in powers of θ. We carry out this procedure in the next section, up to order O(θ5). As
mentioned in the introduction, around flat space a ‘dual’ perturbative expansion is also possible:
exact in θ but perturbative in powers of the background fields. This is explained in detail in
section 6. However, it has been known for some time that in the special case of maximally-
supersymmetric bosonic backgrounds of the type AdSd × SD−d one can obtain exact, closed
expressions for the supervielbien components [27, 28, 29, 30, 31]. We now rederive this result
using the methods of the present paper.
We first note that in a bosonic background T
(0)
ab
α vanishes. Moreover, using (53),(25) it can be
seen that the first θ level of the gravitino field strength is given by
T
(1)
ab
α = ea
meb
n{1
4
(θΓpq)αR(ω)mnpq + 2(θT[mpqrs)α(Dn]Gpqrs)
− 2(θT[mpqrsTn]p
′q′r′s′)αGpqrsGp′q′r′s′}
= ea
meb
nθβ(RTrmn)βα , (77)
where Gpqrs := 4∂[pC
(0)
qrs] and (Rmn)αβ :=
(
[Dm,Dn]
)α
β is the curvature of the supercovariant
derivative
(Dm)
α
β := (Dm)αβ − (T Trmpqrs)αβGpqrs . (78)
Note that in a bosonic background ω =
0
ω and D = 0D. Killing spinors are parallel with respect
to D. It follows that Killing spinors are eigenverctors of the supercurvature (Rmn) with zero
eigenvalue and therefore in a maximally-supersymmetric space
(Rmn)αβ = 0 , (79)
so that T
(1)
ab
α vanishes by (77). All possible solutions to (79) were classified in [41] up to local
isometries. These are: R1,10, AdS4 × S7, AdS7 × S4, and the Hpp-wave.
Since T
(n)
ab
α is zero for n = 0, 1, it now follows by induction from (54) that Tab
α vanishes identi-
cally. Hence in the special case of maximally-supersymmetric spaces the gravitino field-strength
drops out of the recursion relations (68), (71), which can now be solved straightforwardly. The
result is
Eµ
α = δµ
β [P−1/2sinh
√
P ]βα
Em
α = E(1)m
β[P−1/2sinh
√
P ]βα , (80)
where
[P]αβ := i(Dmnpq1 )αβGmnpq , (81)
and the functions of P above are defined formally by their Taylor expansions around zero. The
expressions for Dmnpq1 := ea
meb
nec
ped
qDabcd1 and E
(1)
m
α were given in (69),(70) respectively. The
remaining components of the supervielbein follow similarly from (58),(59):
Eµ
a = 2iδµ
β[P−1sinh2
√P
2
]β
α(Γaθ)α
Em
a = em
a + 2iE(1)m
β[P−1sinh2
√P
2
]β
α(Γaθ)α . (82)
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It can be seen that equations (80),(82) above are the same as (up to conventions) equations
(22),(23) of [27], or equation (3.9) of [29]3. The method presented here like [30] does not rely
on coset-superspace techniques. As is clear from the derivation, formulae (80), (82) are valid for
all eleven-dimensional maximally-supersymmetric bosonic backgrounds.
5 Expansion up to O(θ5)
We now give the explicit expressions for the first few terms in the θ-expansion of the vielbein
and the C-field. Explicit (partial) results to order θ2 have appeared in [32] (see also [42]). Our
results are in complete agreement with those of [32] (cf. equations (4.15),(4.16) of that reference)
to the order they have computed 4.
The authors of [33] have computed the vielbein expansion to O(θ3), but have omitted some
tedious (albeit straightforward) steps that would facilitate the comparison of their expressions
to the explicit formulae in this section. After some algebra, formulae (5.7)-(5.10) of [33] can be
seen to agree with our results (to the order they have computed), apart from signs that may be
attributed to different conventions 5.
In the following we will need the explicit expressions for T (1), T (2). These can be read off from
(53),(54):
T
(1)
ab
α =
1
4
(θΓcd)αR
(0)
abcd + 2(θT[acdef )α(∇b]Gcdef )(0)
− 2(θT[acdefTb]c
′d′e′f ′)αG
(0)
cdefG
(0)
c′d′e′f ′ , (83)
where
(∇bGcdef )(0) = ebmDmG(0)cdef + E(0)bµ∂µG(1)cdef
= eb
mDmG(0)cdef − 6i(ΨbΓ[cdT (0)ef ] ) (84)
and
T
(2)
ab
α =
i
2
(M[a|ef )αβ(∇|b]Tef β)(0) +
i
2
(Nabc1...c6)αβG(0)c1...c4T (0)c5c6β , (85)
where
(∇bTef β)(0) = ebmDmT (0)ef β + E(0)bµ∂µT (1)ef β
= eb
mDmT (0)ef β −
1
4
(ΨbΓ
cd)βR
(0)
efcd
− 2(ΨbT[ecdgh)βef ]mDmG(0)cdgh + 12i(ΨbT[ecdgh)β(Ψf ]ΓcdT (0)gh )
+ 2(ΨbT[ecdghTf ]c
′d′g′h′)βG
(0)
cdghG
(0)
c′d′g′h′ . (86)
3The matrix M2 in those references is proportional to the matrix P of the present paper.
4In order to translate the expressions of [32] to our conventions, one needs to make the following substitutions:
θ → 1√
2
θ; θ¯ → i√
2
θTrC ; Ψm → 1√
2
Ψm and Eµ
a → √2Eµa; Emα → 1√
2
Em
α; Bmnp → −Cmnp; Bmnσ →
−√2Cmnσ; Bmνσ → −2Cmνσ ; Bµνσ → −2
√
2Cµνσ; Fˆmnpq → −G(0)mnpq ; Tsmnpq → (T Tr)smnpq .
5Our θ is equivalent to y of [33]. Note that there seem to be the following typos in [33]: O(y5) in (5.8) should
be replaced by O(y4), O(y4) in (5.10) should be replaced by O(y3), the factor of 1/2 in front of the second term
on the right-hand side of (5.10) should be replaced by 1/6, the i in front of the second term on the right-hand
side of (5.9) should be deleted.
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Vielbein expansions
Using formulae (58),(59),(67),(68), (70),(71) we find for the first few terms
E(0)µ
a = 0
E(1)µ
a = − i
2
(Γaθ)µ
E(2)µ
a = 0
E(3)µ
a =
1
24
(Dcdef1 Γ
aθ)µG
(0)
cdef
E(4)µ
a =
i
120
(
2F ef1 + F
ef
2 + 3F
ef
3
)α
µβ(Γ
aθ)αT
(0)
ef
β
E(5)µ
a =
i
720
(Dcdef1 D
c′d′e′f ′
1 Γ
aθ)µG
(0)
cdefG
(0)
c′d′e′f ′ +
i
240
(
F
ef
1 + F
ef
2 + 2F
ef
3
)α
µβ(Γ
aθ)αT
(1)
ef
β ,
(87)
E(0)m
a = em
a
E(1)m
a = −i(ΨmΓaθ)
E(2)m
a = − i
8
(θΓaefθ)ωmef +
i
2
(θTmcdefΓaθ)G(0)cdef
E(3)m
a =
1
6
(ΨmD
cdef
1 Γ
aθ)G
(0)
cdef +
1
6
(T
(0)
ef D2m
efΓaθ)
E(4)m
a =
1
96
(θΓghDcdef1 Γ
aθ)ωmghG
(0)
cdef −
1
24
(θTmcdefDc
′d′e′f ′
1 Γ
aθ)G
(0)
cdefG
(0)
c′d′e′f ′
+
1
24
(T
(1)
ef D2m
efΓaθ) +
i
24
(
F
ef
1 + F
ef
2 + 2F
ef
3
)α
βγ(Γ
aθ)αΨm
βT
(0)
ef
γ
E(5)m
a =
i
120
(ΨmD
cdef
1 D
c′d′e′f ′
1 Γ
aθ)G
(0)
cdefG
(0)
c′d′e′f ′ +
i
120
(T
(0)
ef D2m
efD
cdgh
1 Γ
aθ)G
(0)
cdgh
+
i
120
(
F
ef
1 + 2F
ef
2 + 3F
ef
3
)α
βγ(Γ
aθ)αΨm
βT
(1)
ef
γ +
1
60
(T
(2)
ef D2m
efΓaθ)
+
i
120
(
2F ef1 + F
ef
2 + 3F
ef
3
)α
βγ(Γ
aθ)α(
1
4
θΓghωmgh − θTmcdghG(0)cdgh)βT (0)ef γ (88)
and
E(0)µ
α = δµ
α
E(1)µ
α = 0
E(2)µ
α =
i
6
(Dcdef1 )µ
αG
(0)
cdef
E(3)µ
α =
1
24
(
2F ef1 + F
ef
2 + 3F
ef
3
)α
µβT
(0)
ef
β
E(4)µ
α = − 1
120
(Dcdef1 D
c′d′e′f ′
1 )µ
αG
(0)
cdefG
(0)
c′d′e′f ′ +
1
40
(
F
ef
1 + F
ef
2 + 2F
ef
3
)α
µβT
(1)
ef
β , (89)
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E(0)m
α = Ψm
α
E(1)m
α =
1
4
(θΓef )αωmef − (θTmcdef )αG(0)cdef
E(2)m
α =
i
2
(ΨmD
cdef
1 )
αG
(0)
cdef +
i
2
(T
(0)
ef D2m
ef )α
E(3)m
α =
i
24
(θΓabDcdef1 )
αωmabG
(0)
cdef −
i
6
(θTmcdefDc
′d′e′f ′
1 )
αG
(0)
cdefG
(0)
c′d′e′f ′
+
i
6
(T
(1)
ef D2m
ef )α − 1
6
(
F
ef
1 + F
ef
2 + 2F
ef
3
)α
βγΨm
βT
(0)
ef
γ
E(4)m
α = − 1
24
(ΨmD
cdef
1 D
c′d′e′f ′
1 )
αG
(0)
cdefG
(0)
c′d′e′f ′ −
1
24
(T
(0)
ef D2m
efD
cdgh
1 )
αG
(0)
cdgh
− 1
24
(
F
ef
1 + 2F
ef
2 + 3F
ef
3
)α
βγΨm
βT
(1)
ef
γ +
i
12
(T
(2)
ef D2m
ef )α
− 1
24
(
2F ef1 + F
ef
2 + 3F
ef
3
)α
βγ(
1
4
θΓabωmab − θTmcdghG(0)cdgh)βT (0)ef γ . (90)
C-field expansions
C(0)µνσ = 0
C(1)µνσ = 0
C(2)µνσ = 0
C(3)µνσ =
i
8
(θΓab)(µ(θΓ
a)ν(θΓ
b)σ)
C(4)µνσ = 0 , (91)
C(0)µνs = 0
C(1)µνs = 0
C(2)µνs =
1
4
(θΓse)(µ(θΓ
e)ν)
C(3)µνs =
i
20
(θΓa)µ(θΓ
b)ν(ΨsΓabθ) +
i
5
(θΓab)(µ(θΓ
a)ν)(ΨsΓ
bθ)
C(4)µνs =
i
24
(θΓa)µ(θΓ
b)ν{−1
2
(θθ)ωsab +
1
4
(θΓabcdθ)ωs
cd − (θTscdefΓabθ)G(0)cdef}
+
i
12
(θΓab)(µ(θΓ
a)ν){
1
4
(θΓbefθ)ωsef − (θTscdefΓbθ)G(0)cdef}
− i
72
(Dabcd1 Γ
eθ)(µ|(θΓse)|ν)G
(0)
abcd +
i
36
(Dabcd1 Γseθ)(µ(θΓ
e)ν)G
(0)
abcd , (92)
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C(0)σmn = 0
C(1)σmn = −
i
2
(θΓmn)σ
C(2)σmn =
2
3
(Ψ[mΓ
eθ)(θΓn]e)σ −
1
3
(Ψ[mΓn]eθ)(θΓ
e)σ
C(3)σmn =
1
4
{1
4
(θΓeghθ)ω[m|gh − (θT[m|cdghΓeθ)G(0)cdgh}(θΓ|n]e)σ
− 1
4
{1
4
(θΓghe[mθ)ωn]gh −
1
2
(θθ)ω[mn]e − (θT[mcdghΓn]eθ)G(0)cdgh}(θΓe)σ
+
i
4
(ΨmΓ
aθ)(ΨnΓ
bθ)(θΓab)σ − i
4
(Ψ[mΓ
aθ)(Ψn]Γabθ)(θΓ
b)σ
+
1
24
(Dcdgh1 Γmnθ)σG
(0)
cdgh
C(4)σmn =
i
15
{(Ψ[m|Dcdgh1 Γeθ)G(0)cdgh + (T (0)gh D2[m|ghΓeθ)}(θΓ|n]e)σ
+
i
5
{1
4
(θΓaghθ)ω[m|gh − (θT[m|cdghΓaθ)G(0)cdgh}(Ψ|n]Γbθ)(θΓab)σ
+
i
15
(Ψ[mΓ
eθ)(Dcdgh1 Γn]eθ)σG
(0)
cdgh −
i
60
(Ψ[mΓn]eθ)(D
cdgh
1 Γ
eθ)σG
(0)
cdgh
− i
10
{(Ψ[mDcdgh1 Γn]eθ)G(0)cdgh + (T (0)gh D2[mghΓn]eθ)}(θΓe)σ
+
i
5
{−1
2
(θθ)ω[m|ab +
1
4
(θΓghabθ)ω[m|gh − (θT[m|cdghΓabθ)G(0)cdgh}(Ψ|n]Γaθ)(θΓb)σ
− i
10
{1
4
(θΓaghθ)ω[m|gh − (θT[m|cdghΓaθ)G(0)cdgh}(Ψ|n]Γabθ)(θΓb)σ , (93)
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4∂[sC
(0)
mnp] = G
(0)
smnp
C(1)mnp = −3i(Ψ[mΓnp]θ)
C(2)mnp = −
3i
2
{−1
2
(θθ)ω[mnp] +
1
4
(θΓgh[mnθ)ωp]gh − (θT[mcdghΓnp]θ)G(0)cdgh}
− 3(Ψ[mΓeθ)(ΨnΓp]eθ)
C(3)mnp =
1
2
(Ψ[mD
cdgh
1 Γnp]θ)G
(0)
cdgh +
1
2
(T
(0)
gh D2[m
ghΓnp]θ)
+ 2(Ψ[m|Γ
eθ){1
2
(θθ)ω|np]e −
1
4
(θΓghe|nθ)ωp]gh + (θT|ncdghΓp]eθ)G(0)cdgh}
− (Ψ[mΓn|eθ){
1
4
(θΓgheθ)ω|p]gh − (θT|p]cdghΓeθ)G(0)cdgh}
+ i(Ψ[mΓ
aθ)(ΨnΓ
bθ)(Ψp]Γabθ)
C(4)mnp =
1
32
(θΓghDcdef1 Γ[mnθ)ωp]ghG
(0)
cdef −
1
8
(θT[mcdghDc
′d′g′h′
1 Γnp]θ)G
(0)
cdghG
(0)
c′d′g′h′
+
1
8
(T
(1)
gh D2[m
ghΓnp]θ) +
i
8
(F gh1 + F
gh
2 + 2F
gh
3 )
α
βγ(Γ[mnθ)αΨp]
βT
(0)
gh
γ
− 3i
4
(Ψ[m|Γ
eθ){(Ψ|nDcdgh1 Γp]eθ)G(0)cdgh + (T (0)gh D2|nghΓp]eθ)}
+
3i
4
(Ψ[mΓ
aθ)(Ψn|Γ
bθ){−1
2
(θθ)ω|p]ab +
1
4
(θΓghabθ)ω|p]gh − (θT|p]cdghΓabθ)G(0)cdgh}
− i
4
(Ψ[mΓn|eθ){(Ψ|p]Dcdgh1 Γeθ)G(0)cdgh + (T (0)gh D2|p]ghΓeθ)}
− 3i
4
(Ψ[mΓ
aθ)(Ψn|Γabθ){
1
4
(θΓbghθ)ω|p]gh − (θT|p]cdghΓbθ)G(0)cdgh}
− 3
4
{1
4
(θΓeghθ)ω[m|gh − (θT[m|cdghΓeθ)G(0)cdgh}
× {−1
2
(θθ)ω|np]e +
1
4
(θΓg
′h′
e|nθ)ωp]g′h′ − (θT|nc
′d′g′h′Γp]eθ)G
(0)
c′d′g′h′} .
(94)
6 Expansion in the number of fields
In this section we expand our superspace geometry around the flat-space solution
hm
a := em
a − δam = 0
Ψm
α = 0
C(0)mnp = 0 (95)
and we show how to obtain results exact to all orders in the θ-expansion, but perturbative in the
number of fields hm
a,Ψm
α, C
(0)
mnp. Note that in an expansion around flat space, the connection
ωm and the covariant field strengths G
(0)
abcd, T
(0)
ab
α and R
(0)
abcd start at linear order in the fields
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(95). More precisely, from equations (20), (13), (27), (30) we see that
ωnkm = ∂[khm]
aηan − ∂[mhn]aηak − ∂[nhk]aηam + . . .
G
(0)
abcd = 4δa
mδb
nδc
pδd
q∂[mC
(0)
npq] . . .
T
(0)
ab
α = 2δa
mδb
n∂[mΨn]
α + . . .
R(0)mnpq = δa
mδb
nδc
pδd
qR(ω)mnpq + . . . , (96)
where the ellipses indicate terms quadratic or higher in the fields.
Going back to section 4 we split (54) as follows
T
(n)
ab
α =
i
n(n− 1)(M[a|
ef )αβ δ|b]
m∂mT
(n−2)
ef
β +Q
(n)
ab
α , (97)
where the nonlinear piece Q reads
Q
(n)
ab
α :=
i
n(n− 1)(Nab
c1...c6)αβ(Gc1...c4Tc5c6
β)(n−2)
− i
n(n− 1)(M[a|
ef )αβ h|b]
m∂mT
(n−2)
ef
β
+
i
n(n− 1)(M[a|
ef )αβ e|b]
m
n−2∑
r=0
(Ω(r)m T
(n−r−2))ef
β
+
i
n(n− 1)(M[a|
ef )αβ
n−2∑
r=1
E
(r)
|b]
m(∇mTef β)(n−r−2)
+
i
n(n− 1)(M[a|
ef )αβ
n−2∑
r=0
E
(r)
|b]
µ(∇µTef β)(n−r−2) . (98)
We have defined
ha
m := δnahn
bδmb , (99)
so that
ea
m = δma − ham +O(h2) . (100)
We can rewrite (97) more compactly using matrix notation and omitting spinor indices
T
(n)
ab =
1
n(n− 1) [O]ab
efT
(n−2)
ef +Q
(n)
ab , (101)
where
[O]abef := i[M[aef ]δb]m∂m . (102)
The point of the split in (101) is that once T (n) is evaluated to any given order in the number
of fields, Q(n) can be evaluated to the next order. This follows the fact that Q(n) starts at
quadratic order in the number fields, as can be seen from definition (98).
Iterating (101) we obtain
T
(2k)
ab =
1
(2k)!
[Ok]abefT (0)ef +
k−1∑
r=0
(2k − 2r)!
(2k)!
[Or]abefQ(2k−2r)ef
T
(2k+1)
ab =
1
(2k + 1)!
[Ok]abefT (1)ef +
k−1∑
r=0
(2k − 2r + 1)!
(2k + 1)!
[Or]abefQ(2k−2r+1)ef , (103)
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where T (1) was given explicitly in (83). Using the above results, and the equations of the previous
section, the vielbein and the connection can be computed iteratively in the number of fields.
The same is true for the inverse vielbein EA
M , which can be seen as follows. Let us assume that
EM
A is known to k-th order in the fields and that EA
M is known to (k− 1)-th order. Equation
(48) implies
E
(n)
b
µ = −ebmE(n)mαδαµ −
n−1∑
r=1
E
(r)
b
mE(n−r)m
αδα
µ
−
n−1∑
r=0
E
(r)
b
νE(n−r)ν
αδα
µ +
n−1∑
r=0
E
(r)
b
ME
(n−r)
M
aΨa
µ . (104)
Clearly, the first term on the right-hand-side is known to k-th order. The remaining terms on
the right-hand-side are also known to k-th order, because they start at quadratic order in the
fields. Hence E
(n)
b
µ can be computed to k-th order, using the formula above.
Similarly, for Eb
m we have
E
(n)
b
m = −ebpE(n)paeam +
i
2
E
(n−1)
b
µ(Γmθ)µ
−
n−1∑
r=1
E
(r)
b
pE(n−r)p
aea
m −
n−2∑
r=0
E
(r)
b
µE(n−r)µ
aea
m . (105)
Note that the first line on the rhs is known to k-th order, because Ep
a is so known by assumption
and we have shown that Eb
µ can be computed to that order. The remaining terms are also known
to k-th order, because they start at quadratic order in the fields. One argues in the same fashion
for the remaining Eβ
M components of the inverse vielbein.
Let us now illustrate the use of the formulae above, by computing the vielbein exactly in θ and
up to quadratic order in the fields.
6.1 Linear order
In this case Qab = 0 and formula (103) reduces to
Tab = [cosh
√
O]abefT (0)ef + [O−1/2sinh
√
O]abefT (1)ef , (106)
where the functions of O above are formally defined by their Taylor expansions around zero. Of
course the series terminate at order θ32. Note that in the linear approximation T (1) is given by
T
(1)
ef =
1
4
(θΓcd)αR
(0)
efcd + 2(θT[ecdgh)αδf ]m∂mG(0)cdgh . (107)
Moreover substituting (106) into (53), we arrive at the following linear-order expression for the
four-form
Gabcd = G
(0)
abcd + 6iθΓ[ab
∑
k=0
{ 1
(2k + 1)!
Ok T (0) + 1
(2k + 2)!
Ok T (1)}cd] . (108)
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As a check the reader can verify for herself that
θµ∂µGabcd = θ
α∇αGabcd , (109)
as follows from (108),(8), (106), taking into account that θµ∂µO = 2O and θµ∂µT (1) = T (1).
Equipped with (106),(108), we can now systematically derive expressions for all the other rel-
evant superspace quantities. The strategy is straightforward: truncate to linear order the ex-
pressions for the superconnection and vielbein components given in section 4.2, substituting
(106),(108) where necessary. For the superconnection components we get
Ωµab =
i
2
(θRabcdef )µG(0)cdef
+
∑
k=0
1
2k + 3
( 1
2k + 1
C1ab
ef +
1
2
C2ab
ef
)
µα
{ O
k
(2k)!
T (0)}ef α
+
∑
k=0
1
2k + 4
( 1
2k + 2
C1ab
ef +
1
2
C2ab
ef
)
µα
{ O
k
(2k + 1)!
T (1)}efα (110)
and
Ωmab = ωmab + iθSmabef
∑
k=0
{ O
k
(2k + 1)!
T (0) +
Ok
(2k + 2)!
T (1)}ef . (111)
For the vielbein components we get
Eµ
α = δαµ +∆Eµ
α , (112)
where
∆Eµ
α :=
i
6
(Dabcd1 )µ
αG
(0)
abcd
+
∑
k=0
1
2k + 4
( F ef1
(2k + 3)(2k + 1)
+
F
ef
2
2(2k + 3)
+
F
ef
3
2(2k + 1)
)α
µβ{ O
k
(2k)!
T (0)}ef β
+
∑
k=0
1
2k + 5
( F ef1
(2k + 4)(2k + 2)
+
F
ef
2
2(2k + 4)
+
F
ef
3
2(2k + 2)
)α
µβ{ O
k
(2k + 1)!
T (1)}ef β
(113)
and
Em
α = ∆Em
α , (114)
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where
∆Em
α := Ψm
α +
1
4
(θΓab)αωmab − (θTmabcd)αG(0)abcd
+ i
∑
k=0
{ O
k
(2k + 2)!
T (0) +
Ok
(2k + 3)!
T (1)}ef β(D2mef )βα .
(115)
Finally, equations (58),(59) imply
Eµ
a = − i
2
(Γaθ)µ +∆Eµ
a , (116)
where
∆Eµ
a :=
1
24
(Dbcde1 Γ
aθ)µG
(0)
bcde
−
∑
k=0
i(Γaθ)α
(2k + 5)(2k + 4)
( F ef1
(2k + 3)(2k + 1)
+
F
ef
2
2(2k + 3)
+
F
ef
3
2(2k + 1)
)α
µβ{ O
k
(2k)!
T (0)}ef β
−
∑
k=0
i(Γaθ)α
(2k + 6)(2k + 5)
( F ef1
(2k + 4)(2k + 2)
+
F
ef
2
2(2k + 4)
+
F
ef
3
2(2k + 2)
)α
µβ{ O
k
(2k + 1)!
T (1)}ef β
(117)
and
Em
a = δm
a +∆Em
a , (118)
where
∆Em
a := hm
a − i(ΨmΓaθ)− i
8
(θΓaefθ) ωmef +
i
2
(θTmbcdeΓaθ) G(0)bcde
+
∑
k=0
{ O
k
(2k + 3)!
T (0) +
Ok
(2k + 4)!
T (1)}ef β(D2mefΓaθ)β .
(119)
We will also need the inverse vielbein components Eb
M to linear order. From equations (104),
(105) we obtain
Eb
µ = −Ψbµ − 1
4
(θΓef)µωbef + (θTbcdef )µG(0)cdef
− i
∑
k=0
{ O
k
(2k + 2)!
T (0) +
Ok
(2k + 3)!
T (1)}ef β(D2bef )βµ (120)
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and
Eb
m = eb
m +
i
2
(ΨbΓ
mθ)
+
∑
k=0
{2k + 1
2
Ok
(2k + 3)!
T (0) +
2k + 2
2
Ok
(2k + 4)!
T (1)}ef β(D2befΓmθ)β . (121)
It is straightforward to check that to linear order the expressions above satisfy Eb
MEM
A = δb
A,
as they should.
For the C-field we get
Cµνσ =
i
8
(Γaθ)(µ(Γ
bθ)ν(Γabθ)σ) +∆Cµνσ , (122)
where
∆Cµνσ :=
∑
n=0
{ 3i
4(n + 6)
(Γaθ)(µ(Γ
bθ)ν∆E
(n)
σ)
α(Γabθ)α − 3
n+ 5
∆E
(n)
(µ
a(Γbθ)ν(Γabθ)σ)} . (123)
Csµν =
1
4
(Γaθ)(µ(Γabθ)ν)δ
b
s +∆Csµν , (124)
where
∆Csµν :=
∑
n=0
{ i
4(n+ 5)
(Γaθ)µ(Γ
bθ)ν∆E
(n)
s
α(Γabθ)α − 1
n+ 4
∆E(n)s
a(Γbθ)(µ(Γabθ)ν)
+
2i
n+ 3
∆E
(n)
(µ
a(Γasθ)ν) +
1
n+ 4
∆E
(n)
(µ
α(Γsaθ)α(Γ
aθ)ν)} . (125)
Cmnσ = − i
2
(Γabθ)σδ
a
mδ
b
n +∆Cmnσ , (126)
where
∆Cmnσ :=
∑
n=0
{ 2i
n+ 2
∆E
(n)
[m
a(Γn]aθ)σ −
i
n+ 2
∆E(n)σ
α(Γmnθ)α
− 1
n+ 3
∆E
(n)
[m
α(Γn]aθ)α(Γ
aθ)σ} . (127)
Cmnp = ∆Cmnp , (128)
where
∆Cmnp := C
(0)
mnp −
∑
n=0
3i
n+ 1
∆E
(n)
[m
α(Γnp]θ)α . (129)
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6.2 Quadratic order and beyond.
In order to compute Tab
α to quadratic order, we have to determine Qab
α. Ignoring terms that
start at cubic order, from equation (98) we have
Q
(n)
ab
α =
i
n(n− 1)(Nab
c1...c6)αβ(Gc1...c4Tc5c6
β)(n−2)
− i
n(n− 1)(M[a|
ef )αβ h|b]
m∂mT
(n−2)
ef
β
+
i
n(n− 1)(M[a|
ef )αβ δ|b]
m
n−2∑
r=0
(Ω(r)m T
(n−r−2))ef
β
+
i
n(n− 1)(M[a|
ef )αβ
n−2∑
r=1
E
(r)
|b]
m∂mT
(n−r−2)
ef
β
+
i
n(n− 1)(M[a|
ef )αβ
n−2∑
r=0
E
(r)
|b]
µ∂µT
(n−r−1)
ef
β . (130)
Therefore Qab
α can be readily obtained by plugging into (130) the linear expressions for G,
T , Ωm, Eb
M obtained in section 6.1. Then T is computed to quadratic order using equation
(103) and G is computed to quadratic order through the recursion relation (53). The connection
and the vielbein are obtained to quadratic order by using formulae (58),(59),(62),(64),(68),(71).
Clearly, this procedure can be iterated to any desired order in the number of fields.
7 The supermembrane
The eleven-dimensional supermembrane can be described by a superembedding
Z : Σ(3|0) →M (11|32) , (131)
where
ZM := (Xm, θµ) (132)
are the membrane supercoordinates. For the purposes of this section we pass to superembedding
notation whereby all target-space (i.e. eleven-dimensional) indices are underlined. The world-
volume theory of the membrane is given by [1, 2]
S =
∫
Σ
dσ3{√−g + f∗C} , (133)
where
f∗C :=
1
6
εmnp∂mZ
P∂nZ
N∂pZ
MCMNP (134)
is the pull back of the C-field onto the membrane world-volume and g is the determinant of the
Green-Schwarz metric
gmn :=
(
∂mZ
MEM
a
)(
∂nZ
NEN
b
)
ηab . (135)
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7.1 Linear background
Using the results of section 6, we are now ready compute the linear coupling of the superme-
mbrane to an on-shell eleven-dimensional background. For the metric (135) we find, to linear
order,
gmn = Gmn +∆gmn, (136)
where
Gmn := Πm
aΠn
bηab , (137)
∆gmn := 2Π(m
a∂n)Z
N∆EN
b ηab (138)
and
Πm
a := ∂mX
a − i
2
(∂mθΓ
aθ) ; Xa := Xmδam . (139)
Note that Gmn is the Green-Schwarz metric for the case of flat target space. The linear-order
components (∆EM
a) of the eleven-dimensional vielbein were given explicitly in section 6.1,
equations (113),(115),(117),(119). The determinant is given in the linear approximation by
√−g = √−G (1 + ∆gmnGmn) , (140)
where Gmn is the inverse of Gmn. Moreover, for the Wess-Zumino term in (133) we have
f∗C = f∗∆C + εmnp{ i
4
∂mX
a∂nX
b(∂pθΓabθ)
+
1
8
∂mX
a(∂nθΓ
bθ)(∂pθΓabθ)− i
48
(∂mθΓ
aθ)(∂nθΓ
bθ)(∂pθΓabθ)} , (141)
where the linear-order components (∆CMNP ) of the three-form potential were given explicitly
in section 6.1, equations (123),(125),(127),(129).
To summarize, to linear order the coupling of the supermembrane to the eleven-dimensional
background is given by
S = Sflat +
∫
Σ
dσ3{√−GGmn∆gmn + f∗∆C} , (142)
where
Sflat :=
∫
Σ
dσ3{√−G+ εmnp
[ i
4
∂mX
a∂nX
b(∂pθΓabθ) +
1
8
∂mX
a(∂nθΓ
bθ)(∂pθΓabθ)
− i
48
(∂mθΓ
aθ)(∂nθΓ
bθ)(∂pθΓabθ)
]}
(143)
is the action of a supermembrane in flat eleven-dimensional target space 6.
6In order to translate the action (143) to the one given in equation (2.1) of [3], see footnote 4.
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8 Outlook
Our result in section 7.1 can be used to read off the covariant membrane vertex operator,
to linear order in the background fields. The covariant superstring and superparticle vertex
operators in the linearized approximation, can also be obtained by reduction. One could also
use the results of section 6.2 to go beyond the linear approximation, to any desired order in
the number of background fields. This may be a promising approach, alternative to [15], to
formulating covariant scattering amplitudes for the superstring or the superparticle.
By gauge-fixing to the light-cone gauge, one could of course compare with the existing results in
the literature. The linearized light-cone membrane vertex operator of [13] terminates at order
θ5. It would be interesting to know if similar simplifications occur even when one introduces
terms nonlinear in the background fields. In this case, one may hope that the full θ-expansion
of the light-cone vertex operator, in a general supergravity background, may be computable.
As already mentioned, one could regularize (142) in order to make contact with the matrix model
and compare with the partial results obtained in [12]. Moreover, our methods make it readily
possible to go beyond the linear order in the background fields. Subtleties arise already at the
quadratic order [9, 10] and it would be of interest to have an explicit matrix-model candidate
in this case.
Another possible application concerns membrane (and also five-brane) instanton computations.
These have so far been restricted to the case of membranes wrapping rigid, isolated super-
symmetric cycles. In order to study the contribution of instantons with more zero modes, it
is necessary to have knowledge of the higher terms in the θ-expansion of the supermembrane
action. The explicit results of section 5 can be used for this purpose.
Finally let us note that the methods of this paper can be readily carried over to other superspaces
in lower dimensions, as well as to the case of deformed eleven-dimensional supergravity, where
the latter is obtained by modifying the torsion constraints as in [43, 44]. This modification
will result in deforming the action of the supercovariant spinor derivative –and, therefore, the
recursion relations (53)– by the inclusion of higher-order curvature terms. In its turn this
will induce higher-order curvature corrections to the remaining recursion relations presented in
section 4. In [43, 44] the deformations to the torsion constraints were parametrized in terms of
certain superfields which were treated as ‘black boxes’. In order to obtain explicit expressions
however, these superfields would ultimately have to be expressed in terms of the fields in the
massless multiplet. Unfortunately at present this remains a very difficult problem, although a
systematic way to arrive at these explicit corrections has been proposed in [46].
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Appendix A: Definitions
For the convenience of the reader in this section we include an alphabetical index of various
definitions used in this paper.
(C1ab
ef )αβ, (C2ab
ef )αβ: eqn (63)
(Dcdef1 )β
α: eqn (69)
(D2a
bc)β
α: eqn (72)
Dm: eqn (25)
∆CMNP : eqns (123),(125),(127),(129)
∆EM
A: eqns (113),(115),(117),(119)
em
a: eqn (15)
(F ef1 )
α
βγ , (F
ef
2 )
α
βγ , (F
ef
3 )
α
βγ : eqn (69)
Γm: eqn (22)
hm
a: eqn (95)
ha
m: eqn (99)
(Maef )αβ: eqn (55)
(Nabc1...c6)αβ: eqn (55)
[O]abef : eqn (102)
ωmA
B : eqn (15)
Ψm
α: eqn (15)
Ψa
µ: eqn (47)
Q
(n)
ab
α: eqn (98)
Rabcdef : eqn (6)
S
(n)
{A}: eqn (33)
Sbcdef : eqn (6)
Tabcde: eqn (6)
θα: eqn (45)
Appendix B: Gamma matrices
In this section we explain our spinor notation and conventions for gamma matrices.
Spinor indices are denoted by lower-case Greek letters and spinors always carry the spinor index
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“upstairs”. In eleven dimensions there is an antisymmetric charge-conjugation matrix,
Cαβ = −Cβα , (144)
which can be used to raise/lower indices on gamma matrices:
(Γa)αβ := Cαγ(Γa)
γ
β ; (Γa)
αβ := Cαγ(Γa)γ
β , (145)
where Cαβ is the inverse of Cαβ.
We denote by Γa1...an the antisymmetrized product of n gamma matrices
Γa1...an := Γ[a1 . . .Γan] . (146)
For n = 1, 2, 5 the antisymmetrized products are symmetric in the spinor indices, whereas for
n = 0, 3, 4 they are antisymmetric. In particular we have
Γaαβ = Γ
a
βα . (147)
In our conventions the Majorana condition reads
θ¯ = θTrC . (148)
We can use the above to drop the bar on the fermionic coordinate θ. For example,
(θ¯Γaλ) := (θ¯Γa)αλ
α = (θTrC)β(Γa)
β
αλ
α = θγCγβ(Γa)
β
αλ
α = θγ(Γa)γαλ
α = (θΓaλ) . (149)
Appendix C: Pure geometry
The expansions of section 5 simplify considerably in the case of a purely geometric background.
By that we mean a bosonic background in which the four-form field strength vanishes 7. Of
course in this case the on-shell equations of motion impose the Ricci-flatness condition. Note
that C
(0)
mnp is not necessarily zero. This situation appears in many physically interesting settings,
see for example [20].
In the case of a purely geometric background we have
T
(1)
ab
α =
1
4
(θΓcd)αR
(0)
abcd (150)
and
Ψm
α = G
(0)
abcd = T
(0)
ab
α = T
(2)
ab
α = 0 . (151)
7There is a potential global obstruction to the vanishing of the four-form [45]. We are ignoring such subtleties
here.
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Taking the above into account we find
E(0)µ
a = 0
E(1)µ
a = − i
2
(Γaθ)µ
E(2)µ
a = 0
E(3)µ
a = 0
E(4)µ
a = 0
E(5)µ
a =
i
240
(
F
ef
1 + F
ef
2 + 2F
ef
3
)α
µβ(Γ
aθ)αT
(1)
ef
β , (152)
E(0)m
a = em
a
E(1)m
a = 0
E(2)m
a = − i
8
(θΓaefθ)ωmef
E(3)m
a = 0
E(4)m
a =
1
24
(T
(1)
ef D2m
efΓaθ)
E(5)m
a = 0 (153)
and
E(0)µ
α = δµ
α
E(1)µ
α = 0
E(2)µ
α = 0
E(3)µ
α = 0
E(4)µ
α =
1
40
(
F
ef
1 + F
ef
2 + 2F
ef
3
)α
µβT
(1)
ef
β , (154)
E(0)m
α = 0
E(1)m
α =
1
4
(θΓef )αωmef
E(2)m
α = 0
E(3)m
α =
i
6
(T
(1)
ef D2m
ef )α
E(4)m
α = 0 . (155)
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Expansions for the C field:
C(0)µνσ = 0
C(1)µνσ = 0
C(2)µνσ = 0
C(3)µνσ =
i
8
(θΓab)(µ(θΓ
a)ν(θΓ
b)σ)
C(4)µνσ = 0 , (156)
C(0)µνs = 0
C(1)µνs = 0
C(2)µνs =
1
4
(θΓse)(µ(θΓ
e)ν)
C(3)µνs = 0
C(4)µνs = −
i
48
(θΓa)µ(θΓ
b)ν{(θθ)ωsab − 1
2
(θΓabcdθ)ωs
cd}
+
i
48
(θΓab)(µ(θΓ
a)ν)(θΓ
befθ)ωsef , (157)
C(0)σmn = 0
C(1)σmn = −
i
2
(θΓmn)σ
C(2)σmn = 0
C(3)σmn =
1
16
ω[m|gh(θΓ
gheθ)(θΓ|n]e)σ
+
1
8
{(θθ)ω[mn]e −
1
2
(θΓghe[mθ)ωn]gh}(θΓe)σ
C(4)σmn = 0 , (158)
∂[sC
(0)
mnp] = 0
C(1)mnp = 0
C(2)mnp =
3i
4
{(θθ)ω[mnp] −
1
2
(θΓgh[mnθ)ωp]gh}
C(3)mnp = 0
C(4)mnp = +
1
8
(T
(1)
gh D2[m
ghΓnp]θ)
+
3
32
(θΓgheθ)ω[m|gh{(θθ)ω|np]e −
1
2
(θΓg
′h′
e|nθ)ωp]g′h′} . (159)
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